28 The CW-Homology Theorem

S7=1 is called a relative attaching map. As an immediate consequence of
the CW-Homology Theorem we see that the homology of the chain complex
(C.(X,A;A),0,) is independent of the choice of the CW-structure on the
space X.

Proof:

Since 9,, : C,,(X,A) — C,,_1(X, A)isdefined as 9,, = ®,,_1 00,0V, we
have Qn_l an = ®,_o00,0W,,_10®,_104,0¥, =P, 50 (5* 05*) oV, =0
since 82 = 0.

Leto € C, (X, A) be a generator, i.e. an n-cell of X notin A. 9,,(¢) is de-
fined by taking o — fy.[D?] € H, (X X (=1 applying the connecting
homomorphism d,, : H,(X ™, X~y — H, ;(X®™=1), sending this into
H,_(X=1 x"=2)) by j. . and then applying ®,,_;. Since d,, is a natural
homomorphism, the following diagram commutes

On

Hn(DZrlvaD:rL) Hn—l(aDZrL)

lfo'* lf@o’*

Hn(X(n),X(n_l)) JL) n—l(X(n_l))

and we see that 6, (fo«[Dy]) = foo«[0D}]. (See Example 2.2 and Lemma
2.11 Whenn = 1, [0D]] = —[o_1] + [o1]). Hence,

0,(0) = ©p1 (foou[ODE]) = > b1 (prefoonlODI))T
= Z bn1((pr © fao)-[OD])7
= ijqbn_l(deg(m o foo) - [S" 77
= i:deg(pTOfaa)T

by the definition of the degree.

Now consider the exact sequence of the triple X (»=2) ¢ x(»=1) ¢ x (),
Hn(X(”*l),X(”*Q)) —_— Hn(X(”),X(”*Q)) — Hn(X(”),X(”*l)) i>- anl(X(nflxx(n*?))

%l Lemma 2.11 %l Lemma 2.12 %l Lemma 2.11 %l Lemma 2.11

C (X, ) ————=C, (X, 4)

00— H,(X™ A)

From this we deduce that H,, (X ("), X ("=2)) can be identified with ker 9,,, that
is
Hy(X™ X2~ 7, (XM A) ~ ker 8, = Z,(X, A).



