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Then we have tQSQ = A where P (S) = Q ∈ GLm(R) depends smoothly

on S and P (A) = Im×m.

2

3.2 The gradient flow of a Morse function

Recall that an inner product on a vector space V over the field R is a bilin-

ear function < ·, · >: V × V → R which is symmetric, that is < v, w >=<

w, v > for all v, w ∈ V , and non-degenerate, i.e. if v 6= 0, then there exists

some w 6= 0 such that < v, w >6= 0. An inner product is said to be positive

definite if and only if < v, v > is strictly greater than zero for all v ∈ V .

The tangent bundle T∗M over a smooth manifold M is a smooth vector bundle

whose fiber at each point x ∈ M is the tangent space TxM , and a Riemannian

metric g on T∗M is a smooth function that assigns to each x ∈ M a positive

definite inner product < ·, · >x on TxM . For more details concerning inner

products and Riemannian metrics see for instance Chapter 9 of [149].

A non-degenerate inner product on a vector space V induces an isomor-

phism between V and its dual V ∗, and hence, a Riemannian metric g on a

smooth manifold M defines an isomorphism g̃ : T∗M → T ∗M between the

tangent and cotangent bundles. For any vector field W , g̃(W ) is the unique

1-form such that for any vector field V

g̃(W )(V ) = g(W, V ).

Definition 3.17 If f : M → R is a smooth function on a Riemannian manifold

(M, g), then the gradient vector field of f with respect to the metric g is the

unique smooth vector field ∇f such that

g(∇f, V ) = df(V ) = V · f

for all smooth vector fields V on M , i.e. ∇f = g̃−1(df). In particular,

(∇f) · f = g(∇f,∇f) = ||∇f ||2.

Let ϕt : M → M be the local 1-parameter group of diffeomorphisms gen-

erated by −∇f (the negative gradient), i.e.

d

dt
ϕt(x) = −(∇f)(ϕt(x))

ϕ0(x) = x.

(See for instance [82] Section 6.2 or [96] Section I.6.) The integral curve

γx : (a, b) → M given by

γx(t) = ϕt(x)


