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and define hy : X Uy, D* — X Uy, D* by hy(x) = zif z € X and for all

ue Skl (2ru)
fo(2ru ifo0<2r<i1
ha(fi(ru)) = { f(z]w_1(u) if1<2r<2.

It is easy to verify that hg and h; are single valued and hence continuous. We
have for all v € S*~1

h 2ru ifo<2r<i
(b1 © ho)(fo(ru)) = { hig'}zf%d;) if1<2r <2

Since hy(z) = z for all x € X it follows that for all u € S¥~!

foldru) if0<4r<1

(h1oho)(fo(ru)) =< far—1(u) if1<4r<2
fg_gr(u) if 1 S 2r S 2.

Let&; : XUys, D* — X Uy, D* be the homotopy which is defined by &;(z) = =
forall x € X and for all uw € Sk—1

fo((4=3t)ru) if0<r< ﬁ

3t
&(fo(ru)) = Ffra-spr—1(u) %f 42—13tt <r< i
frasna-n(w) ifimgp <r<1L

It is easy to verify that &, is single valued and hence continuous, £y = hq o hy,
and £&; = 1. A homotopy 7; : X Uy, DF - X Ut D¥ such that g = hg o hy
and 771 = 1 is defined by replacing fy with f; and f) with f;_) in the above
expression for £ where A = (4 — 3t)r — 1 or (4 — 3¢t)(1 —r)/2.

Lemma 3.30 (P. Hilton [107]) Let X be a topological space and let
f:8 o x

be an attaching map. Any homotopy equivalence h : X — Y extends to a
homotopy equivalence

H: XUy D¥ =Y Uy DE.

Proof:
Define H : X Uy D* — Y Upoy D* by

| h(z) ifzeX
H(:”)_{:c if € D,



