Morse and Morse-Bott Homology

David Hurtubise

Penn State Altoona
altoona.psu.edu/math

University of Notre Dame
March 15t, 2013

David Hurtubise Morse and Morse-Bott Homology



Betti numbers, Morse theory, and homology
Betti numbers
Morse inequalities
Transversality
Morse homology
Perturbations
Generic perturbations
Applications of the perturbation approach
Morse-Bott inequalities
Cascades
Picture of a 3-cascade
Applications of the cascade approach
Cascades and perturbations
Multicomplexes
Definition and assembly
Multicomplexes and spectral sequences
The Morse-Bott-Smale multicomplex

David Hurtubise Morse and Morse-Bott Homology



Reference

» David Hurtubise, Three approaches to Morse-Bott homology,
Afr. Diaspora J. Math. 14 (2012), no. 2, 145-177.

Special volume in honor of Professor Augustin Banyaga on the
occasion of his 65th birthday.

David Hurtubise Morse and Morse-Bott Homology



Betti numbers, Morse theory, and homology Betti numbers
Morse inequalities
Transversality
Morse homology

Examples for Betti numbers
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Morse functions

Fundamental ldea: There should be a connection between the
critical points of a Morse function f : M — R and the Betti
numbers of M.
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The Morse inequalities

Weak Morse inequalities: vy (f) > bp(M) for all k =0,...,m,
where v (f) = #Cri(f) is the number of critical points of index k.

Strong Morse inequalities:

W > bo
Vi — 1o > bl—bo
v — vt > by — by + b
Um—1 — Um—2 + - £ g > b1 — by—o + - - £ by
U — U1+ Um—2 —++Fvg = by —bm_1+bpmo—---Eb

Corollary: X (M) =0by — by + - £ by, = (—1)"X (M)
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The polynomial Morse inequalities

The Poincaré polynomial of M is defined to be

and the Morse polynomial of f: M — R is defined to be

Mi(f) =Y ()t

k=0

m
Theorem (Polynomial Morse Inequalities): For any Morse
function f: M — R on a smooth manifold M we have

My(f) = B(M) + (1 + t) R(t)

where R(t) is a polynomial with non-negative integer coefficients.
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Stable and unstable manifolds

Let p € M be a critical point of a smooth function f: M — R on
a smooth Riemannian manifold M of dimension m < oo, and let
p:Rx M — M be the 1-parameter family of diffeomorphisms
determined by —V f. The stable manifold of p is

W?(p) = {z € M| lim ¢y(z) = p}
and the unstable manifold of p is
W(p) ={z e M| lim ¢i(z)=p}.

The Stable/Unstable Manifold Theorem: If p is a
nondegenerate critical point, then the stable manifold W#(p) is a
smoothly embedded open disk of dimension m — A, and the
unstable manifold W*(p) is a smoothly embedded open disk of
dimension A,,.
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Examples for stable and unstable manifolds
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Examples for stable and unstable manifolds
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Morse-Smale transversality

A Morse function f: M — R is called Morse-Smale if and only if
all its stable and unstable manifolds intersect transversally, i.e.

W(q) th W#(p) for all p,q € Cr(f).

If W*(q) N W#(p) # 0, then this condition implies that
W (q) " W#(p) is a manifold of dimension A\, — X, and the
moduli space

M(q,p) = (W"(q) N W?(p)) /R
is a manifold of dimension A, — A\, — 1.

Note: The dimension of M does not affect the dimension of the
moduli space M(q,p).
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A Morse-Smale function on a 2-torus
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The Morse-Smale-Witten chain complex

Let f: M — R be a Morse-Smale function on a compact smooth
Riemannian manifold M of dimension m < oo, and assume that
orientations for the unstable manifolds of f have been chosen. Let
Cr(f) be the free abelian group generated by the critical points of
index k, and let

C.(f) = EP ().
k=0
Define a homomorphism 9 : Ci(f) = Ck_1(f) by

o(e) = Y nlgpp

peCri_1(f)

where n(g, p) is the number of gradient flow lines from ¢ to p
counted with sign. The pair (Ci(f), 0s) is called the
Morse-Smale-Witten chain complex of f.
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The height function on the 2-sphere
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The height function on a deformed 2-sphere

82 81
<rs>——=<qg>——<p>—>0
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The height function on a tilted 2-torus

82 a1
<s5>——<qr>——><p>—>0
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David Hurtubise Morse and Morse-Bott Homology



Betti numbers, Morse theory, and homology Betti numbers
Morse inequalities
Transversality
Morse homology

A Morse-Bott function on the 2-sphere

i~ |

\ 4

Can we construct a chain complex for this function? a spectral
sequence? a multicomplex?
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Generic perturbations

Theorem (Morse 1932)

Let M be a finite dimensional smooth manifold. Given any smooth
function f : M — R and any € > 0, there is a Morse function
g : M — R such that sup{|f(z) — g(x)| | z € M} <e.

Theorem

Let M be a finite dimensional compact smooth manifold. The
space of all C™ Morse functions on M is an open dense subspace
of C"(M,R) for any 2 < r < oo where C"(M,R) denotes the
space of all C" functions on M with the C" topology.

Why not just perturb the Morse-Bott function f: M — R to a
Morse function?

David Hurtubise Morse and Morse-Bott Homology



Generic perturbations

Perturbations Applications of the perturbation approach
A more explicit perturbation
Morse-Bott inequalities

Fiber bundles and group actions

If 7: E— B is a smooth fiber bundle with fiber F', and f is a
Morse function on B, then f o7 is a Morse-Bott function with
critical submanifolds diffeomorphic to F'.

F——F

iﬂ
B-1.Rr

In particular, if G is a Lie group acting on M, then this might be
useful for studying equivariant homology.

M——>=EG x¢ M
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Symplectic and Instanton Floer homology

» Andreas Floer, An instanton-invariant for 3-manifolds, Comm.
Math. Phys. 118 (1988), no. 2, 215-240.

» Andreas Floer, Morse theory for Lagrangian intersections,
Journal of Differential Geom 28 (1988), 513-547.

» Andreas Floer, Symplectic fixed points and holomorphic
spheres, Comm. Math. Phys. 120 (1989), no. 4, 575-611.

Generalizations: Donaldson polynomials for 4-manifolds with
boundary, knot homology groups, comparing the quantum cup
product to the pair of pants product.
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An explicit perturbation of f: M — R

Let T} be a small tubular neighborhood around each connected
component C; C Cr(f) forall j =1,...,l. Pick a positive Morse
function f; : C; — R and extend f; to a function on T; by making
fj constant in the direction normal to Cj for all j =1,...,1L.

Let T] C T; be a smaller tubular neighborhood of C with the
same coordinates as T}, and let p; be a smooth bump function
which is constant in the coordinates parallel to Cj, equal to 1 on
Tj, equal to 0 outside of 7, and decreases on T); — T as the
coordinates move away from C}. For small ¢ > 0 (and a careful
choice of the metric) this determines a Morse-Smale function

I
he=f+e (D nifi

j=1
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Critical points of the perturbed function

If p € Cj is a critical point of f; : C; — R of index M, then pisa
critical point of h. of index
he _ . j
Ayt = A+ A,
where ); is the Morse-Bott index of Cj.

Theorem (Morse-Bott Inequalities)

Let f: M — R be a Morse-Bott function on a finite dimensional
oriented compact smooth manifold, and assume that all the critical
submanifolds of f are orientable. Then there exists a polynomial
R(t) with non-negative integer coefficients such that

MBy(f)=P(M)+ (1+t)R(t).

(Different orientation assumptions in [Banyaga-H 2009] than the
proof using the Thom Isomorphism Theorem.)
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The idea behind the Banyaga-H proof
l

MBy(f) = Y _ PJ(Cyth

j=1
l
= Z My(fj) = (L+ 1) R;(t) | tY
j=1
l l
= Y M(f)th — (141> Ri(t)tY
j=1 j=1
l
= M(h) = (14+1)>  R;(t)t"
j=1
l
= P(M)+ (1+t)Ry(t) — (1+1) Y Ri(t)tY
j=1
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Cascades (Frauenfelder 2003 and Bourgeois 2002)

Let f: M — R be a Morse-Bott function and suppose

l
cr(f) =116
j=1
where (', ..., C] are disjoint connected critical submanifolds of
Morse-Bott index Aq,...,\; respectively. Let f;: C; — R be a
Morse function on the critical submanifold C; for all j =1,...,1.
Definition
If ¢ € Cj is a critical point of the Morse function f; : C; — R for
some j = 1,...,1, then the total index of ¢, denoted \,, is
defined to be the sum of the Morse-Bott index of C; and the
Morse index of ¢ relative to f;, i.e.

Ag=Aj+ Al
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Cascades and perturbations

A 3-cascade

Yalts) 5(t)

\
\ y2(t) Cjz
™~

;1;3(15) y2(0)
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Cascades

Definition

Denote the space of flow lines from ¢ to p with n cascades by
W<(q,p), and denote the quotient of WS(q,p) by the action of R”
by M¢ (q,p) = W£(q,p)/R™. The set of unparameterized flow
lines with cascades from ¢ to p is defined to be

Me(q,p) = |J Ms(a.p)

neZly

where MG(q,p) = W§(q,p)/R.
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Cascades and perturbations

The Zs-cascade chain complex

Define the k™ chain group C¢(f) to be the free abelian group
generated by the critical points of total index k of the
Morse-Smale functions f; for all j =1,...,[, and define

n°(q, p; Z2) to be the number of flow lines with cascades between
a critical point ¢ of total index k and a critical point p of total
index k — 1 counted mod 2. Let

f)®Zy = @Ck f) ®Zy

and define a homomorphism 0 : C,g(f) ® Zy — Cp_(f) ® Zo by
Oi(g)= Y. n(q,p;Z2)p.

pECT(fi—1)
The pair (CS(f) ® Za, 0) is called the cascade chain complex
with Zso coefficients.
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Cascades and perturbations

A cascade chain complex for the 2-sphere

C5(f) — 2= C§(f) —m C5(f) —0

I a5 I o5 I

<n,s§>——><qg>——><p>—=>0
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Cascades and perturbations

A cascade chain complex for the 2-torus
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Cascades and perturbations

The Arnold-Givental conjecture

Let (M,w) be a 2n-dimensional compact symplectic manifold,

L C M a compact Lagrangian submanifold, and R € Diff(M) an
antisymplectic involution, i.e. R*w = —w and R? = id, whose fixed
point set is L.

Conjecture. Let H; be a smooth family of Hamiltonian functions
on M for 0 <t <1 and denote by ®;; the time-1 map of the flow
of the Hamiltonian vector field of H;. If L intersects ®y (L)
transversally, then

H#LNOp(L) > br(L; Zo).
k=0

Proved by Frauenfelder for a class of Lagrangians in
Marsden-Weinstein quotients by letting H — 0 (2004).
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The explicit perturbation of f : M — R

Let T} be a small tubular neighborhood around each connected
component C; C Cr(f) forall j =1,...,l. Pick a positive Morse
function f; : C; — R and extend f; to a function on T; by making
fj constant in the direction normal to Cj for all j =1,...,1L.

Let T] C T; be a smaller tubular neighborhood of C with the
same coordinates as T}, and let p; be a smooth bump function
which is constant in the coordinates parallel to Cj, equal to 1 on
Tj, equal to 0 outside of 7, and decreases on T); — T as the
coordinates move away from C}. For small ¢ > 0 (and a careful
choice of the metric) this determines a Morse-Smale function

I
he=f+e (D nifi

j=1

David Hurtubise Morse and Morse-Bott Homology



Picture of a 3-cascade

Examples for the cascade chain complex
Cascades Applications of the cascade approach

Cascades and perturbations

A perturbed Morse-Bott function on the 2-sphere

S

15) 16)
Cy(h.) —2= Cy(he) ——= Cy(h:) —=0

bt

<Ms>—><g>—><p>—>0
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Cascades and perturbations

A cascade chain complex for the 2-sphere

g o5

C5(f) ——=Cf(f) —=C§(f) —=0

I a5 I o5 I

<n,s§>——><qg>——><p>—=>0
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Cascades and perturbations

Comparing the cascade and Morse chain complexes

For every sufficiently small ¢ > 0 and £k =0, ..., m we have
)\j-i-n:k

Is M®(q,p) = My_(q,p) when Ay — X, =17

If so, then we can use the orientations on M},_(¢,p) to define the
cascade chain complex over Z so that 9¢ = —0,, for all
k=0,...,m, where J; is the Morse-Smale-Witten boundary

operator of h.. In particular,

H.((CL(f),05)) = Ho(M; Z).
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Cascades

Theorem (Banyaga-H 2013)

Assume that f satisfies the Morse-Bott-Smale transversality
condition with respect to the Riemannian metric g on M,

frx : Cr = R satisfies the Morse-Smale transversality condition
with respect to the restriction of g to Cy for all k =1,....,1, and
the unstable and stable manifolds W, (¢) and W3 (p) are
transverse to the beginning and endpoint maps.

1. Whenn = 0,1 the set M¢ (q,p) is either empty or a smooth
manifold without boundary.

2. Forn > 1 the set M (q,p) is either empty or a smooth
manifold with corners.

3. The set M“(q,p) is either empty or a smooth manifold
without boundary.

In each case the dimension of the manifold is A\; — A\, — 1. The
above manifolds are orientable when M and C), are orientable.
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Correspondence of moduli spaces

Theorem (Banyaga-H 2013)

Let p,q € Cr(he) with Ay — X\, = 1. For any sufficiently small

€ > 0 there is a bijection between unparameterized cascades and
unparameterized gradient flow lines of the Morse-Smale function
he : M — R between q and p,

ME(q,p) < Mp.(q,p).

Definition

Let p,q € Cr(he) with A, — A, = 1, define an orientation on the
zero dimensional manifold M¢(q, p) by identifying it with the left
hand boundary of M;,_(q,p) x [0,¢].
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Cascades and perturbations

Main idea: The Exchange Lemma
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Cascades and perturbations

Correspondence of chain complexes

Theorem (Banyaga-H 2011)

For € > 0 sufficiently small we have C{(f) = Ci(h:) and 0f = —0
for all k =0,...,m, where 0, denotes the Morse-Smale-Witten
boundary operator determined by the Morse-Smale function h.. In
particular, (CS(f),0S) is a chain complex whose homology is
isomorphic to the singular homology H,.(M;Z).

Moral: The cascade chain complex of a Morse-Bott function
f: M — R is the same as the Morse-Smale-Witten complex of a
small perturbation of f.
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Multicomplexes

Multicomplexes
et [v be a principal idea . Irst quadrant multicomplex
X is a bigraded R-module {X), 4}, 4z, with differentials

di : Xp,q — pri,quifl for all i = O, 1, e

that satisfy
> did; =0 foralln.

i+j=n
A first quadrant multicomplex can be assembled to form a filtered
chain complex ((CX),,d) by summing along the diagonals, i.e.

(CX)n= P Xpq and F(CX)n = P Xpg
pt+q=n pt+g=n
p<s

and 9, =dg @ --- ®d, for all n € Z,. The above relations then
imply that 0, 0 041 = 0 and 0, (F5(C X)) C Fs(CX)s.



Definition and assembly
nd spectral sequences
tt-Smale multicomplex

Multicomplexes

di d
X033 X1,3 Xo3 X33
do do\ do do
~, ~,
do do
d LA~ I~
Xo,2 X1 <= Xop X320
do\ do\dO d3 dO
Ty d2 dalo
Xo,1 X1 == Xo; X3,1
do\ do\""do.. ds do
~, ~ ‘.
do dol
d1 o~ o
Xo,0 X1,0 X2y X3,0

A bicomplex has two filtrations, but a general multicomplex only
has one filtration.
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Multicomplexes

The bigraded module associated to the filtration

@ Xpq

ptq=n
p<s
G((CX)*)s,t = FS(CX)s+t/Fs—1(CX)S+t ~ Xs,t

for all s,t € Z, and the E' term of the associated spectral
sequence is given by

= th/( s—1,t+1 +8Zst+1)

where
Z;,t = {c€ Fy(CX)syt| Oc € Fs 1(CX)spt-1}
7Y, = {c€ FJ(CX)sps| 9c € Fo(CX)spi—1} = Fs(CX)sps-
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Multicomplexes and spectral sequences

The Morse-Bott-Smale multicomplex
Multicomplexes References

Ej, and d' are induced from dy and d;

Theorem

Let ({Xpq}pqez, - {di}icz,) be a first quadrant multicomplex and
((CX),0) the associated assembled chain complex. Then the E*
term of the spectral sequence associated to the filtration of (C'X),
determined by the restriction p < s is given by

Bl ~ Hy (X, do) where (X, dy) denotes the following chain
complex.

do do do do do

0

Xs,3 Xs,2 Xs,l Xs,(]
Moreover, the d* differential on the E' term of the spectral
sequence is induced from the homomorphism dy in the

multicomplex.

David Hurtubise Morse and Morse-Bott Homology
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However, d" is not induced from d, for r > 2

dy dy

Consider the following first quadrant double complex
0 0
P,

d di

0
\Ldo
< Zo,1 >é<$171 ><——->90

ldo \Ldo ido
d d1

Oé<$170 ><—<1xT20 >

where < x,, , > denotes the free abelian group generated by z, 4,
the groups X, , = 0 for p + ¢ > 2, and the homomorphisms dy and
d; satisfy the following: dO(ml,l) = 1,0, C|1(l’171) = To,1, and
d1(1‘270> =210 In this case, d9 = 0 but d? 7é 0

David Hurtubise Morse and Morse-Bott Homology
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The Morse-Bott-Smale multicomplex

Let Cp(B;) be the group of “p-dimensional chains” in the critical
submanifolds of index ¢. Assume that f: M — R is a
Morse-Bott-Smale function and the manifold M, the critical
submanifolds, and their negative normal bundles are all orientable.

If o : P — B is a singular Cp-space in SSO(BZ-), then for any
j=1,...,%7 composing the projection map 72 onto the second
component of P xp, M(B;, B;_;) with the endpoint map

8+ : M(BZ',BZ‘_]') — Bi_j gives a map

—_ —_ 0.
P XBi M(Bl,Bl,]) E) M(BZ,BZ,]) —+) Bifj-
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The Morse-Bott-Smale multicomplex

Multicomplexes References

@

0

a o o
C3(By) — Ca(By) —= C1(By) — Co(By) —=0

I Il Il I
Ca(f) —2—= Co(f) —2=Cr(f) —2= Co(f) =20
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The Morse-Bott Homology Theorem

Theorem (Banyaga-H 2010)
The homology of the Morse-Bott-Smale multicomplex (Cy(f),0)
is independent of the Morse-Bott-Smale function f : M — R.

Therefore,
H.(C.(f),0) ~ H (M;Z).

Note: If f is constant, then (C\(f),d) is the chain complex of
singular N-cube chains. If f is Morse-Smale, then (C.(f),0) is
the Morse-Smale-Witten chain complex. This gives a new proof of
the Morse Homology Theorem.
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The Chern-Simons functional

Let P — N be a (trivial) principal SU(2)-bundle over an oriented
closed 3-manifold IV, and let A be the space of connections on P.
Define C'S : A — R by

_ 1
42

1 1
CS(A) /M tr(iA/\dA—F gA/\AAA).

The above functional descends to a function ¢s : A/G — R/Z
whose critical points are gauge equivalence classes of flat
connections. Extending everything to P x R — N x R, the
gradient flow equation becomes the instanton equation

F+xF =0,
where F' denotes the curvature and * is the Hodge star operator.
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Instanton homology

Andreas Floer, An instanton-invariant for 3-manifolds, Comm.
Math. Phys. 118 (1988), no. 2, 215-240.

Theorem. When N is a homology 3-sphere the Chern-Simons
functional can be perturbed so that it has discrete critical points
and defines Zg-graded homology groups I.(N) analogous to the
Morse homology groups.

Generalizations: Donaldson polynomials for 4-manifolds with
boundary, knot homology groups

David Hurtubise Morse and Morse-Bott Homology



Definition ssembly

Multicom spectral sequences

The M -Smale multicomplex
Multicomplexes References

The symplectic action functional

Let (M,w) be a closed symplectic manifold and S' = R/Z. A
time-dependent Hamiltonian H : M x S' — R determines a
time-dependent vector field X5 by

w(Xg(z,t),v) =v(H)(z,t) for v e T, M.
Let L(M) be the space of free contractible loops on M and
L(M) = {(z,u)|lz € LIM),u: D> — M such that u(e*™") = z(t)}/ ~

its universal cover with covering group ma(M). The symplectic
action functional ay : L(M) — R is defined by

1
ap((x,u)) —/DQu*uH—/O H(z(t),t) dt.
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The Arnold conjecture

Andreas Floer, Symplectic fixed points and holomorphic spheres,
Comm. Math. Phys. 120 (1989), no. 4, 575-611.

Theorem. Let (P,w) be a compact symplectic manifold. If I, and
1. are proportional, then the fixed point set of every exact
diffeomorphism of (P,w) satisfies the Morse inequalities with
respect to any coefficient ring whenever it is nondegenerate.

Generalizations: Allowing H to be degenerate (e.g. H = 0) leads
to critical submanifolds and Morse-Bott homology.

David Hurtubise Morse and Morse-Bott Homology



Definition ssembly

Multicom spectral sequences

The M -Smale multicomplex
Multicomplexes References

The Yang-Mills gradient flow

Let (X, g) be a closed oriented Riemann surface, G a compact Lie
group, g its Lie algebra, and P a principal G-bundle over 3. Pick
an ad-invariant inner product on g, let A(P) denote the affine
space of g-valued connection 1-forms on P, and define

YM: A(P) — R by
yM(A):/FA/\*FA
by

where Fy = dA + [A A A] is the curvature of A.

The Yang-Mills function is a Morse-Bott function studied by
Atiyah-Bott and by Swoboda (2011) using cascades.

David Hurtubise Morse and Morse-Bott Homology



Multicomplexes

Closed Reeb orbits

Let M be a compact, orientable manifold of dimension 2n — 1 with
contact form «. The Reeb vector field R, associated to the
contact form « is characterized by
da(Ry,—) = 0
a(Ry) =

Closed trajectories of the Reeb vector field are critical points of the
action functional A : C*°(S1, M) — R

A(y) = L o

Lemma. For any contact structure £ on M, there exists a contact
form « for & such that all closed orbits of R, are nondegenerate.
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Contact homology

Let A be the graded supercommutative algebra freely generated by
the “good” closed Reeb orbits over the graded ring
Q[Ha(M;Z)/R], ie. vz = (—1)h2lqyy,.

Theorem. (Eliashberg-Hofer 2000) There is a differential

d: A — A defined by counting J-holomorphic curves in the
symplectization (R x M, d(e'a)) such that (A, d) is a differential
graded algebra. Moreover, HC,(M,¢) o H,(A,d) is an invariant
of the contact structure €.

Theorem. (Bourgeois 2002) Assume that « is a contact form of
Morse-Bott type for (M, &) and that J is an almost complex
structure on the symplectization that is S'-invariant along the
critical submanifolds N7. Then there is a chain complex with a
boundary operator defined by counting cascades whose homology
is isomorphic to the contact homology HC\ (M, ¢).
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Viterbo's symplectic homology

Definition

A compact symplectic manifold (W, w) has contact type
boundary if and only if there exists a vector field X defined in a
neighborhood of M = W transverse and pointing outward along
M such that Lxw = w.

In this case, A = w(X,+)|as is a contact form on M, and the
symplectic homology of W combines the 1-periodic orbits of a
Hamiltonian on W with the Reeb orbits on M = oW

Bourgeois and Oancea have defined the cascade chain complex for
a time-independent Hamiltonian on W whose 1-periodic orbits are
transversally nondegenerate (2009). They have also proved that
there is an exact sequence relating the symplectic homology groups
of W with the linearized contact homology groups of M (2009).
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Compactness

Denote the space of nonempty closed subsets of M x R' in the
topology determined by the Hausdorff metric by P¢(M x Kl), and

map a broken flow line with cascades (v1,...,v,) to its image
Im(v1,...,v,) C M and the time ¢; spent flowing along or resting
on each critical submanifold C; for all j =1,...,1L.

Theorem (Banyaga-H 2013)

The space M"(q, p) of broken flow lines with cascades from q to p
is compact, and there is a continuous embedding

ME(q,p) = M(q,p) C P (M x &).

Hence, every sequence of unparameterized flow lines with cascades
from q to p has a subsequence that converges to a broken flow line
with cascades from q to p.
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